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Abstract

Theoretical efforts to investigate molecular magnetic materials are reviewed mainly from
the viewpoint of our interest. Ab initio calculations of effective exchange interactions
between spins are performed for H�H, H�He�H and simplified models of binuclear man-
ganese and related complexes by using the spin unrestricted Hartree–Fock (UHF) and
spin-polarized density functional (DFT), and UHF plus DFT hybrid methods. The scope
and limitation of these broken-symmetry approaches are briefly discussed in relation to
several computational schemes of effective exchange integrals (Jab). The calculated Jab values
for the three systems are summarized for comparison of the computational methods. The
natural orbitals (UNO or DNO) of the UHF and DFT solutions for magnetic clusters are
determined by diagonalizing their first-order density matrices. They are used for MO-theoret-
ical interpretation of superexchange interactions. The effective spin Hamiltonians such as the
Heisenberg model are constructed for polynuclear complexes assuming the calculated and
experimental effective exchange integrals. The macroscopic quantum tunneling (MQT) and
coherence (MQC) of spins in the manganese oxide clusters are analyzed using the Heisenberg
model, and the tunneling rate of spins is calculated by the coherent state path integral
method. The topological rules for MQT and MQC are derived from this analysis. The path
integral formulations are extended to tunneling probabilities for clusters of clusters and spin
lattices with mesoscopic size. The resulting ideas are also applied to the molecular design of
mesoscopic clusters of clusters in intermediate and strong correlation regimes. The active
control of spins are finally discussed from the viewpoint of functionalities in molecular and
biological materials, and technological applications of mesoscopic molecular magnets to
quantum computing. © 2000 Elsevier Science S.A. All rights reserved.

Keywords: Spin interactions; Spin alignments; Macroscopic spin tunneling

1. Introduction

During the past decade, the bottom-up strategy for the creation of new materials
from molecular blocks has accepted broad interest since the well-developed bottom-
down approach by the use of conventional semiconductor and metals often suffers
from technological difficulties in mesoscopic (nanoscale) regimes, in which quantum
effects play crucial roles for electron transport and magnetism. From this view-
point, polynuclear transition metal complexes have potential applications as build-
ing blocks for new electronic, magnetic and optical materials. In fact, many
transition metal spin clusters have been synthesized [1–3], and general spin align-
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ment, spin frustration and spin tunneling in these species have been investigated
both experimentally and theoretically. For example, magnetic measurements of the
vanadium oxide cluster (V15O42) have shown a noncolinear spin alignment in the
ground state [4]. Similarly Vincent and Christou [5] have reported that manganese
oxide clusters with triangular, butterfly, and cubic molecular structures have
indicated peculiar and complex magnetic behaviors.

The magnetic properties of transition metal complexes have been investigated by
the use of the Heisenberg–Dirac–van Vleck spin Hamiltonian [6]. For example, the
effective exchange interaction between localized spins in binuclear transition metal
complexes is described by the total spin form of the spin-coupling Hamiltonian [7]

H(HB)=JabSa · Sb (1)

where Jab is the orbital-averaged effective exchange integral between the a-th and
b-th metal sites with total spin operators Sa and Sb. Jab is often defined as −2J %ab

[8–12]. Then the exchange split energy levels for binuclear transition metal com-
plexes are given by

2S+1E(HB)=
Jab

2
[S(S+1)−Sa(Sa+1)−Sb(Sb+1)] (2)

where Sa and Sb are the magnitudes of spins Sa and Sb and S is the magnitude of
the total-spin operators S of the systems,

S= �Sa−Sb �, �Sa−Sb �+1, . . . , (Sa+Sb) (3)

The effective exchange integral (Jab) has been regarded as an empirical parameter,
which is determined so as to reproduce the magnetic properties of transition metal
complexes [8]. On the other hand, the sign of Jab is qualitatively explained by
considering spatial symmetries of magnetic d-orbitals [9,10] for transition metal
complexes and magnetic p-orbitals for organic radical clusters [11,12]. Ab initio
computations of Jab are current topics as shown below.

Recently, several theoretical and experimental studies have been carried out for
single molecule magnets. In 1980 Lis [13] first synthesized Mn12O12-
(CH3COO)16(H2O)4 referred to as Mn12, and has described a 12 ion manganese
cluster, which contains eight Mn ions in the +3 oxidation state (spin S=2) and
four in the +4 state (S=3/2). These ions are magnetically coupled to give a
ground state with S=10, giving rise to unusual magnetic relaxation properties.
Since Mn12 was synthesized, magnetic properties such as magnetic quantum tunnel-
ing events of the Mn12�Ac complex [14–18] have been investigated theoretically and
experimentally. Sessoli et al. [15] have reported high-spin molecules such as
Mn12O12(O2CR)16(H2O)4. The magnetization of the Mn12 cluster is highly an-
isotropic, and the magnetization relaxation time becomes very long at low temper-
ature, showing the pronounced hysteresis. This behavior is not strictly analogous to
that of a bulk ferromagnet, in which magnetization hysteresis results from the
motion of domain walls. In Section 3, we will discuss the magnetization hysteresis
in relation to the magnetic quantum tunneling and its rate [19–25].
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In this review, we summarize our recent theoretical efforts to understand
molecular magnetism in transition metal complexes. We first perform ab initio
molecular orbital calculations of hydrogen molecule (H�H), H�He�H biradical and
binuclear manganese complexes to examine effective exchange interactions between
spins and to derive effective spin Hamiltonians. Next, we investigate the magnetic
quantum tunneling of several Mn clusters with triangular, butterfly and tetrahedral
structures etc. [26] and a cluster system of clusters in relation to the topological
structures and integer or half-integer spins by using a coherent state path integral.
General expressions of the imaginary time transition amplitude and the quantum
magnetic tunneling rate [27] are calculated by means of the path integral represen-
tation of the nonlinear s model [22,28–30], and effective Lagrangians for man-
ganese clusters in the ground state are also derived to obtain a general expression
of the imaginary time tunneling amplitude. Finally, we briefly discuss possibilities
of quantum computing by the use of spin clusters.

2. Effective exchange interactions between spins

2.1. Computational schemes of effecti6e exchange integrals

Recent development in computational quantum chemistry enables us to perform
ab initio calculations of Jab values in the Heisenberg model. These are classified into
two types: one is the spin-symmetry adapted perturbational and configuration
interaction (CI) approach [31–41], while the other is the broken-symmetry ap-
proach (BS) [42–67]. The former method is desirable for quantitative computations
of Jab, but it is hardly applicable to transition metal clusters because of high
computational cost. As a result the latter BS (low cost) approach is used heavily for
such systems, though the spin contamination problem occurs in the low-spin (LS)
state [46,47,52]. Here, we examine the BS method, since it will be applicable even
for large transition metal complexes of biological interest. Three typical computa-
tional schemes of Jab have been presented by several groups as

Jab
(1)=

2[HSE(X)−LSE(X)]
Smax

2 (4)

Jab
(2)=

2[HSE(X)−LSE(X)]
Smax(Smax+1)

(5)

Jab
(3)=

2[HSE(X)−LSE(X)]
HS�s2�(X)−LS�s2�(X)

(6)

where YE(X) and Y�s2�(X) denote the total energy and total spin angular momen-
tum for the spin state Y, respectively by the method X (UHF, DFT, etc.). Note that
J (n)

ab (n=1–3 ) is an average of all the exchange integrals (Jij) between magnetic
orbitals. The first scheme J (1)

ab has been derived by Ginsberg [49], Noodleman [50]
and Davidson [53] (GND), while the second scheme J (2)

ab has been proposed by
GND, Bencini [65] and Ruiz [66] (BR), and others. The last scheme J (3)

ab is given by
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our approximate spin-projection (AP) procedure [52]. The second term in the
denominator in Eq. (6) is responsible for the spin projection of the low spin (LS)
solution, which often involves the higher-spin components as spin contamination.
On the other hand, such a spin contaminant was negligible for the high-spin (HS)
solution [46]. The J (3)

ab by AP is close to J (1)
ab by GND if HS�s2�$Smax(Smax+1) and

LS�s2�$Smax, where Smax is the size of spin for the high spin (HS) state. These
relations are usually satisfied near the weak overlap (strong correlation) region. On
the other hand, J (3)

ab becomes equivalent to J (2)
ab in the strong overlap (weak

correlation) region, where LS�s2�$0.
In order to confirm the above relationships, we have calculated J (n)

ab (n=1–3 ) for
hydrogen molecule by using the UHF 6-311G** solutions for the singlet (LS) and
triplet (HS) states. Fig. 1 shows the calculated results. From Fig. 1, the J (1)

ab and J (3)
ab

values are quite similar in the dissociation region of H2, while the J (2)
ab and J (3)

ab

values are close in the strong overlap region. J (3)
ab reproduces the characteristic

feature of Jab by full CI in the whole region, although the J (1)
ab and J (2)

ab schemes
break down in the strong and weak overlap regions, respectively. It is noteworthy
that the J (3)

ab scheme is applicable to the spin-symmetry-adapted wavefunctions such
as the full CI.

Fig. 1. Variations in the calculated J (n)
ab (n=1–3) values with the interatomic distance of H2 by the UHF

and UMP2/6-311G* methods (see text).
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Eq. (6) can be applied to the UHF-based correlated wavefunctions; UHF
Möller–Plesset (UMP), UHF coupled cluster (UCC), UHF quadratic CI (UQCI)
etc. The correlation corrections by X=UMP, UCC or UQCI are usually crucial
for quantitative calculations of Jab. In fact J (3)

ab for H2 by UMP2 is almost
equivalent to the full CI value as shown in Fig. 1. However, post UHF methods
are hardly applicable to large transition metal complexes. Therefore, DFT
methods are heavily utilized for computations of such systems. However, conven-
tional DFT (UBLYP, UB3LYP) are often biased to stabilize the low-spin (LS)
state since the hybridization parameters involved in the exchange-correlation
potentials are optimized to provide reliable bonding energies of closed-shell
systems. Such DFT results for H2 have been given in Ref. [60]. For theoretical
investigation of molecular magnetism, the exchange-correlation parameters are
therefore reoptimized to reproduce Jab values of small binuclear transition metal
systems by UCC, and the refined parameters are utilized for DFT calculations of
Jab values for larger systems [63]. In the DFT calculations, exchange-correlation
potentials are generally defined by

EXC=C1EX
HF+C2EX

Slater+C3DEX
Becke88+C4EC

VWN+C5DEC
LYP (7)

where the first and second terms in the right hand of Eq. (7) indicate HF and
Slater exchange functionals, respectively. The third and fourth terms mean Becke’s
exchange corrections involving the gradient of the density and Vosko, Wilk, and
Nusair (VWN) correlation functional, and the last term is the correlation
correction of Lee, Yang, and Parr (LYP), which includes the gradient of the
density. Ci (i=1, . . . , 5) are the mixing coefficients.

The H�He�H system has been utilized as a sample molecule to test the
computational schemes for the superexchange interaction between hydrogen
radicals via the helium atom. Table 1 summarizes the J (n)

ab (n=1–3) values
calculated by Eqs. (4)–(6). The 6-3111G* basis set is used for all the computa-
tions. From Table 1, the J (3)

ab value by each broken-symmetry method is smaller
than the J (1)

ab one at RH�He=1.25 A, , while J (3)
ab$J (1)

ab at RH�He=2.0 A, . This
indicates that the overlap effect of magnetic orbitals is significant at the former
conformation, while it is negligible at the latter one. The magnitude of J (n)

ab

(n=1–3) values at each conformation decrease in the order: UBLYP\
UB3LYP\mUS2VWN\UB2LYP\UHF. The J (3)

ab values by UB2LYP and
post UHF methods are close to those of 2×2 CI and full CI. On the other hand,
UBLYP, UB3LYP and modified US2VWN (mUS2VWN) have overestimated the
J (3)

ab values for H�He�H, while UHF has underestimated them. Therefore J (2)
ab by

UBLYP, UB3LYP and US2VWN are rather similar to the corresponding CI
values. This is the reason why the J (2)

ab scheme by the three DFT approximations
is useful for H�He�H. However, it is noteworthy that their magnetic orbitals are
remarkably delocalized, namely metallic, as compared with the CI and UMPn
results [52,55,56].
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2.2. Ab initio calculations of exchange-coupled systems

The computational scheme in Eq. (6) was first applied to direct exchange
coupling between transition metal (M) and oxygen (O). Some of the transition
metal oxygen bonds (M�O, M�O or M�O) exhibited significant singlet biradical
character (  · M�O · ¡), which is responsible for the radical reactivity such as
hydrogen abstraction ability [52]. The ab initio UHF calculations were also carried
out to elucidate the superexchange coupling between transition metal ions via the
oxygen dianion; Lm M�X�M Lm (M=Cu, Mn, Cr, Ni; X=O2−, O−, F−, Cl−

etc.; Lm= ligands) [52]. The Jab value for Cu(II)�O�Cu(II) was abnormally large,
showing the strongest superexchange coupling. By the use of this large Jab value, we
later estimated the transition temperature (Tc) for high-Tc superconductivity of
copper oxides assuming that Tc=cJab (c is a constant) [55]. We have also examined
several di-m-bridged complexes LmM�X2�MLm such as the 2Fe�2S ferredoxin
model [56,57]. The calculated Jab values for the model systems were consistent with
the available experiment results. The J (1)

ab values of 2Fe�2S and 4Fe�4S clusters by
the DFT method [58,59] are about twice the experimental values, which is in
agreement with the general trend in Table 1. In order to confirm this trend, we
examine binuclear manganese complexes. Let us consider a model complex
[MnIV

2 O2(NHCHCO2)4] of Mn2O2(pic)4 (pic=picolinic acid). The X-ray geometry
of this parent compound was used for the DFT calculations of the model system
[68]. The coordinate axis is taken as shown in Fig. 2(a). The ground state of Mn(IV)
(d3) is a quartet. Then, the manganese dimer Mn(IV)2 is formally regarded as the
d3–d3 exchange coupled system, and the magnetic orbitals should have the s
(dz 2−x 2), p (dzy ) and d (dxy ) symmetries as illustrated in Fig. 2(b), although they

Table 1
Effective exchange integrals (cm−1) for H�He�H by several computational methods

RHHe=2.000RHHe=1.25 RHHe=1.625Methods

J (3)
ab J (1)

ab J (2)
ab J (3)

abJ (1)
ab J (2)

ab J (3)
ab J (1)

ab J (2)
ab

1198 139BLYP 6910782 1385388 7616 1242 621
114571141001513UB3LYP 1026694143648733

1006 503 982 114 57 114mS2VWNa 40958194 6669
B2LYPb 884488806409818598934456895

2041418210 40420368819463894UHF
493 247 490 47 23 474682UMP2 2341 4375

5059 2530 4728 527UMP4 264 523 49 25 49

4304CASSCF[4,4]c 49487
2×2 CId 525304782

5444860Full CIc 50

a B2LYP in our previous paper (Ref. [62]).
b Becke’s half-and-half LYP (HHLYP in Ref. [66]).
c Ref. [66].
d Ref. [61].
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Fig. 2. Binuclear manganese complexes and magnetic orbitals. (a) Coordinate axis of model complex
[MnIV

2 O2(NHCHCO2)4] of Mn2O2(pic)4 (pic=picolinic acid). (b) Magnetic orbitals of s (dz 2−x 2), p
(dzy) and d (dxy) symmetries.

are more or less delocalized over the ligands. In order to elucidate the bonding
characteristics, the Jab values were first calculated using Eqs. (4)–(6). Table 2
summarizes the effective exchange integrals of [MnIV

2 O2(NCHCO2)4] by several
hybrid DFT methods with different basis sets.

The J (n)
ab (n=1–3) values for [MnIV

2 O2(NHCHCO2)4] are not so different, because
Smax=3 for the binuclear Mn(IV) complex. The J (3)

ab value (568 cm−1) by UBLYP
with the MIDI basis set [62] was larger than the experimental value (174 cm−1), in
accordance with the general trend, while those of UB2LYP, USVWN and
UB2VWN were too small (60 cm−1). The former overestimated the electron
delocalization, while the latter underestimated it. Therefore, the modified US2VWN
(mUS2VWN) method, which was obtained by the intermediate mixing between
these extremes as shown in Table 2, provided the reasonable Jab values (188 cm−1)
as compared with the experiment. The large basis set with the pdf-polarization
functions was necessary for quantitative purposes. Therefore, these refined methods
would be used for quantitative DFT calculations of larger manganese complexes
and crystals. Alternately, effective spin Hamiltonians with ab initio Jab obtained for
the nearest sites by ab initio calculation are useful for such systems at least for the
purpose of qualitative explanation of the magnetism as shown below.
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Table 2
Effective exchange integrals (cm−1) for [MnIV

2 O2(NHCHCO2)4] by several hybrid DFT methods

J (3)
abParameter sets cfJ (1)

ab J (2)
ab

c4 c5c2 c3c1

1.0 1.0 5950.0 4471.0 568 BLYPa1.0
1.00 0.81 252 1890.72 2490.8 B3LYPa0.2

234 175 231 B3LYPb

1.0 1.0 62.3 46.70.5 61.50.5 B2LYPa,c0.5
0.575 0.0 2070.332 1550.575 205 mS2VWNa,d0.0

189 142 188 mS2VWNb,d

1.0 0.0 57.5 43.20.5 56.80.5 B2VWNa0.5
1.0 0.0 67.6 50.70.0 66.80.5 S2VWNa0.5

174 Exp.

a MIDI.
b MIDI+polarizations(pdf).
c Becke’s half-and-half LYP(HHLYP in Ref. [66].
d B2LYP in our previous paper (Ref. [63]).

2.3. Magnetic orbitals

The modified DFT solutions of the binuclear complex were quite useful for
deeper understanding of the superexchange interaction between Mn(IV) via an
oxygen dianion, together with organic ligands. In order to obtain the MO theoret-
ical explanation of the superexchange interaction, the natural orbitals (DNO) of the
modified US2VWN (mUS2VWN) solutions were determined by diagonalizing their
first-order density matrices as [62]

r(r, r %)=% nif i*(r)fi(r %) (8)

where ni denotes the occupation number of DNO fi. The occupation numbers of
bonding and antibonding DNOs were almost 2.0 and 0.0, respectively, except for
the six magnetic DNOs, for which the occupation numbers were close to 1.0. The
bonding DNOs with ni:2.0 are regarded as the closed-shell orbitals. On the other
hand, the magnetic molecular orbitals for the up (a) and down (b) spins are
obtained by almost equal mixing of the bonding and antibonding DNOs with
nj:1.0

c i
9=cos ufi9sin uf i* (9)

where i=s, p or d, and u:45°.
The magnetic (localized) natural orbitals (MNO) are defined as the magnetic

molecular orbitals at the strong correlation limit [62]

fa=
1


2
(fi+f*i ), fb=

1


2
(fi−f*i ) (10)
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where fa and fb are mainly localized on atomic sites a and b, respectively, but they
have small tails on a and b. Therefore, MNOs fa and fb are orthogonal as in the
case of Anderson’s theory of antiferromagnetism [43]. The magnetic molecular
orbitals are rewritten by using MNO as

c i
+=cos

�
u−

p

4
�

fa+sin
�

u+
p

4
�

fb

c i
−=cos

�
u−

p

4
�

fb+sin
�

u+
p

4
�

fa (11)

The orbital overlap Ti=�c+�c−� is a measure of the spin delocalization, namely
Ti=0 for pure metal biradical and Ti=1 for the closed-shell pair [47], and
LS�s2�=S(1−Ti) (i=magnetic orbitals)(see Eq. (6)).

Fig. 3 depicts the magnetic molecular orbitals for the up (a) and down (b) spins,
which have been obtained by the mUS2WN method. The magnetic s or d orbitals
were mainly localized on the left and right manganese atoms, respectively, though
the delocalizations over the O2 and (NHCHCO2)4 fragments were not negligible.
On the other hand, the magnetic p orbitals exhibited significant delocalization over
the whole molecular skeleton. The p delocalization was further enhanced under the
UBLYP and UB3LYP approximations, in accordance with their overestimation of
the J (3)

ab value. The situation is quite similar in the case of the H�He�H system in
Table 1, and in the 2Fe�2S and 4Fe�4S systems [58,59]. Thus the well-refined DFT
wavefunctions can be used for qualitative explanation of the superexchange interac-
tions between manganese ions via oxygen anions. Very recently, the refined DFT
schemes have been applied for other systems [65–67].

3. Spin alignments and spin tunneling in polynuclear magnetic clusters

The magnetization of the Mn12 cluster is highly anisotropic, and the magnetiza-
tion relaxation time becomes very long at low temperature, showing the pro-
nounced hysteresis. This behavior is not strictly analogous to that of a bulk
ferromagnet, in which magnetization hysteresis results from the motion of domain
walls. Tunneling across an anisotropy barrier is induced when an applied field
makes one of the states resonant with the other as an excited level shown in Fig.
4(a-1).

Theoretical studies for the magnetic hysteresis have been carried out. Hernandez
et al. [69] have measured the magnetization at low temperatures of tetragonal
crystals of Mn12 acetate complex [Mn12O12(CH3COO)16(H2O)4] and have pointed
out the importance of thermally assisted resonant tunneling of the magnetization.
They have calculated tunneling rates for different m values. According to their
results, on resonance, the system is thermally activated within the metastable left
well to an excited state near the top of the energy barrier, where it rapidly tunnels
to the right well as shown in Fig. 5. Garanin et al. [70] have also reported thermally
activated resonant magnetization tunneling in molecular magnets of Mn12 and
other system by calculating the spin Hamiltonian of an isolated Mn12 molecule. De
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Fig. 3. Magnetic s, p and d molecular orbitals for the up (a) and down (b) spins obtained by the
UB2LYP2 methods.
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Fig. 4. Schematic diagrams of magnetic tunneling. (a-1) Tunneling for a system with a single collective
spin degree of freedom. (a-2) Illustrates that tunneling vanishes. (b-1) Tunneling between singlet and
triplet states. (b-2) Tunneling vanishes.
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Fig. 5. Schematic diagram. Tunneling rate between excited states near the top of energy barrier is larger
than that between ground states near the bottom.

Raedt et al. [71] have discussed quantum tunneling of the magnetization in relation
to the sweep rate of the applied magnetic field. We have applied a quantum Monte
Carlo method to the quantum magnetic tunneling problem [23].

In this and the follow sections, we discuss magnetic quantum tunneling [19–25]
in several spin systems in relation to calculations of quantum tunneling rate, a
classical spin structure of those spin systems and so on.

Two possible examples of magnetic quantum tunneling events are illustrated in
Fig. 4. Fig. 4(a) shows a magnetic quantum tunneling of spin systems described by
a single collective spin degree of freedom such as the Mn12 system. Fig. 4(b)
indicates a magnetic quantum tunneling between singlet and triplet states such as
spin level crossing by an external magnetic field. In this review, we focus on the
former, though the latter is an interesting topic for the magnetic behavior of a ring
structure comprised of metal ions with localized spin and large organic ligands such
as the ferric wheel ([Fe(OMe)2(O2CCH2Cl)]10).

3.1. Spin alignments

Manganese oxide clusters with triangular, butterfly and cubic molecular struc-
tures have shown peculiar and complex magnetic behaviors [4,5]. We summarize in
Fig. 6 several Mn clusters in relation to the network structure for the exchange
interaction. Previously we determined the torsional angles of spins in iron–sulfur
clusters on the basis of the classical Heisenberg model by using their observed
effective exchange integrals [5]. It was found that these species exhibit general spin
structures with two- and/or three-dimensional spill modulations. The magnetic
double group theory [72] was applied to determine general spin orbitals for the
4Fe�4S cluster with tetrahedral symmetry [73]. In a previous paper [74], we
calculated the torsional angles u of spins using observed effective exchange integrals
of typical manganese clusters shown in Fig. 6 in relation to symmetry and broken
symmetry in molecular orbital (MO) theoretical descriptions. We gave an intuitive
picture for antiferromagnetic spin coupling between the high-spin manganese ions
in MnO systems.
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Fig. 6. Manganese clusters. (c) Triangular-type. (d) Butterfly-type. (e) Tetrahedral-type. (f) Mn12.

To calculate the spin structure and the tunneling amplitude, we introduce here a
coherent spin state, the so-called nonlinear s model [75]. The tunneling amplitude
is usually calculated by setting up a coherent spin state path integral and analyti-
cally continuing to imaginary time (t�− it); the leading contribution can be found
using the method of steepest descent.

3.1.1. Nonlinear s model
We briefly summarize the nonlinear s model. The state of a spin at a given site

is expressed with the following coherent basis [75]:

�V�= �u, f�=eiu(S. z−S)e− ifS. y �S� (12)

where V is a vector on a unit sphere with spherical coordinates (1, u, f), 05u5p,
05fB2p, and �S� is the eigenstate of S. z with the largest possible eigenvalue S.
The overlap of the coherent states is written as

�V �V %�=
�1

2
(1+V · V %)

nS

e− idfS(1−cos u) (13)

Note that df=f %−f. The closure relation is constructed as

1=
& dV

4p
�V��V � (14)
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Therefore, we have the imaginary time transition amplitude:

�V(b)�e−bH�V(0)�=
& u(b),f(b)

u(0),f(0)

DV exp
�

−
& b

0

dtL
n

(15)

where

DV=5
t

dft dut sin ut (16)

b−1 is the temperature, and L is a Lagrangian:

L= iSf: (1−cos u)+JS2%
a,b

Va · Vb (17)

and we use the Heisenberg Hamiltonian:

H=J %
a,b

Sa · Sb (18)

The first term of Eq. (17) defines the Wess–Zumino term [21,22,75] of the
topological one. The dot on f: means #t. The phase of the tunneling amplitude
depends on a topological phase, the so-called Berry phase or Wess–Zumino phase.

3.1.2. Classical spin structure
Using the coherent state of Eq. (12), we can obtain the classical spin picture

[11,12,74] as shown in Fig. 7(a). Here, we calculate the potential surface of the
ground state of a manganese oxide cluster. As an example, the butterfly-type Mn4

cluster as shown in Fig. 8(a) is considered. We consider two spins (S1=S2=4/2) of
two Mn(III) ions in the ground state. The Hamiltonian for the butterfly-type system
is written as

H=J1S1 · S2+2J2S1 · Z+2J2S2 · Z−B · S1−B · S2−2B · Z (19)

where Z is defined by the Mn(II) spins and B is the intensity of the external
magnetic field. Setting up a coordinate as shown in Fig. 7(b) and performing the
variational energy calculation of �V �H �V� [26], we obtain the ground-state energy
E involving only a single (collective) spin degree of freedom with an effective spin
of 2S for the ground state:

E=2S2J1
�

cos u+
2J2S %−B

2J1S
�2

−J1S2−
(2J2S %−B)2

2J1

−2BS % (20)

The spin structure for the ground state is illustrated in Fig. 8(b). The expectation
value for each Mn cluster system shown in Fig. 6 is summarized in Table 3.

For this Mn4 cluster, we take [MnII
2 MnIII

2 O2(O2CMe)6(bipy)2] [76]. According to
experimental results [76], the effective exchange integrals of J1 and J2 are 3.12 and
1.97 cm−1, respectively. Fig. 9(a) shows the potential energy surface for this
manganese cluster without external magnetic field. From Eq. (20) we find the
ground-state energy of 34.75×10−4 eV when
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Fig. 7. (a) Classical spin picture. (b) The spin Sa and the external magnetic field B (Z=B). (c) and (d)
Spin picture of Sa and Z. The case of Z"B.

Table 3
Effective Lagrangians for Mn clusters

Effective LagrangianSystem

L=−iZ8; (1−cos v)+BZ cos vA

L=−iSf: (1−cos u)−(JZ−B)S cos u+BZB

C L=−i2Sf: (1−cos u)−J12S2�cos u+
J2Z−B

2J1S

�2

+J1S2+
(J2Z−B)2

2J1

+BZ

D L=−i2Sf: (1−cos u)−J12S2�cos u+
2J2Z−B

2J1S

�2

+J1S2+
(2J2Z−B)2

2J1

+2BZ

E L=−i3Sf: (1−cos u)−J16S2�cos u+
J2Z−B

4J1S

�2

+3J2S2+
3(J1Z−B)2

8J2

+BZ

F L=−i4Sf: (1−cos u)−8J3S2�cos u+
(2J2+J1)Z−2B

4J3S

�2

−8J4Z2+8BZ+4J3S2

+
[(2J2+J1)Z−2B ]2

8J3
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Fig. 8. (a) Butterfly-type Mn4 cluster. (b) Spin structure of the ground state of butterfly-type Mn cluster.
(c) Ground state of Mn12.

cos u= −
J2S %
J1S

= −0.789, u=142.09 (21)

This means that the classical spin structure of the ground state is helical, as shown in
Fig. 8(b).

For the Mn12 cluster shown in Fig. 6(f), the effective exchange integrals have been
experimentally investigated [15] (J1=150, J2=60, J3=57.5, J4=30 (cm−1)). Using
the results from Table 3, we find that u=p as shown in Fig. 8(c) in the absence of the
external field. Therefore, the classical spin structure becomes axial.

3.1.3. Effecti6e Lagrangian for one ground state
The tunneling amplitude is usually calculated by setting up a coherent-spin-state

path integral and analytically continuing to imaginary time (t�− it); the leading
contribution can be found using the method of steepest descent. The phase of the tun-
neling amplitude depends on a topological phase, the so-called Berry or Wess–Zu-
mino phase.

Magnetic quantum tunneling between ground states is shown for the butterfly-type
Mn cluster in Fig. 8(b). In Fig. 7(c) and (d), it is shown from the Lagrangian that the
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Fig. 9. Energy potential surface of butterfly-type [MnII
2 MnIII

2 O2(O2CMe)6(bipy)2]. (a) Energy vs. u. (b)
Energy vs. v.

tunneling problem of the butterfly-type Mn4 cluster can be mapped onto a simple
model problem defined by an effective Lagrangian

Leff= − iSeffc: (1−cos v)+
2J2

2S %2

J1

�
cos v−

B
2J2S %

�
1−

J1

J2

�n2

+J1S2−
B2

J1

−
B2

2J1

�
1−

J1

J2

�2

(22)
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with an effective spin of Seff, where Seff is 2S in this case, though the total spin
vanishes. The ground state is shown to be the same as that derived from Eq. (20)
when v is 0 or p. The double-well potential surface obtained from Eq. (22) is also
shown in Fig. 9(b).

3.1.4. Simple model with anisotropic energy
A simple model for a single molecular system with an anisotropic energy as the

Mn12 cluster and the butterfly-type Mn cluster is represented as a Hamiltonian:

H=DSz
2−B · S (23)

where D indicates an anisotropic energy. Using the coherent-spin-state of Eq. (12),
the expectation value is written as

�V �H �V�= −DS2�cos u+
B

2DS
�2

+
B2

4D
(24)

In the absence of an external magnetic field, we get the double-well potential
surface giving by −DS2 cos2 u.

3.2. Spin tunneling probability

3.2.1. Simple model
We calculate the magnetic quantum tunneling rate from 0 to p in the case of the

simple model with an anisotropic energy. In this model the expectation value,
becomes the ground-state energy of −DS2 when u=0 or p. Therefore, we
calculate the imaginary time transition amplitude �p �e−bH�0�, where �p �=�u=
p, f(b)�, �0�= �u=0, f(0)�, and H means the Hamiltonian of Eq. (23).

The imaginary time tunneling amplitude from 0 to p can usually be calculated by
using an instanton approximation in order to obtain the tunneling rate [74]. Here,
however, we calculate it by summing contributions from all paths [77,78] according
to Feynman’s original idea. According to the procedure used in previous papers
[77,78], we start by dividing e−bH into n factors, and by using a closure relation of
Eq. (14), we have

�p �e−bH�0�=
& 5

n−1

l=1

dV(l)
4p

5
n−1

k=0

�V(k+1)�e−tH�V(k)� (25)

where t=b/n, �V(n)�=�p,0�, and �V(0)�= �0,0�. From the matrix element on the
right-hand side of Eq. (25), the contribution from a path with a transition from
v(t %)=0 to v(t %+dt)=p is approximately given by

e−be
0e− ē[1−tde ] (26)

where
de= −

DS2

2
, ē= −e0+

1
p

& p

0

dv(−DS2 cos2 v)=
DS2

2
(27)

and e0 is the ground-state energy of −DS2. The first term in Eq. (26), which arises
from the overlap of the coherent state of Eq. (14), yields infinite contributions to
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the imaginary time transition amplitude. Because we focus our attention on the
tunneling rate, we consider only the second term in Eq. (26) to obtain the tunneling
amplitude [79], namely, the contribution f1 without the zero-mode is treated. After
the theoretical derivation [77], we have

�p �e−bHeff�0�=e−be
0 sinh(−be− ēde) (28)

Therefore, the magnetic quantum tunneling rate (energy level splitting) P, defined
by the energy gap occurring from the tunneling effects, from 0 to p in the potential
surface is derived from Eq. (28) as

P=2e− ē(−de)=DS2e−DS2/2 (29)

The results suggest that the tunneling rate reaches a maximum, when D=2/S2.

3.2.2. Mn4 cluster
We calculate the magnetic quantum tunneling rate from 0 to p in the effective

potential surface derived from Eq. (22), as shown in Fig. 9(b), for the butterfly-type
Mn cluster without an external magnetic field. For simplicity, we consider a model
for the effective Lagrangian of Eq. (22) and introduce a coherent state �J� and an
effective Hamiltonian Heff, which gives the expectation value:

E=�J �Heff�J�= −a cos2 v+b (30)

where a and b are constants. Note that this model describes the magnetic behavior
of the butterfly-type system when a=2J2

2S %2/J1 and b= −J1S2 (see Eq. (22)). In
this model the expectation value becomes the ground-state energy of −a+b when
v=0 or p.

In a similar procedure, we obtain the general expression of the imaginary time
transition amplitude as

�p �e−bHeff�0�=e−be
0sinh(−be− ēde) (31)

where

de= −
a
2
, ē= −e0+

1
p

& p

0

dv(−a cos2 v+b)=
a
2

(32)

and e0 is the ground-state energy of −a+b. Therefore, the magnetic quantum
tunneling rate is derived from Eq. (31) as

P=2e− ē(−de)=ae−a/2 (33)

From Eq. (33) and the constants in Eq. (30) for the butterfly-type Mn cluster, the
magnetic quantum tunneling rate with the effective potential in Eq. (22) shown in
Fig. 6(b) is given by

P=
4J2

2S %2

J1

e−J2
2S%2/J1 (34)

The tunneling rates for other cases are similarly derived from the Lagrangians in
Table 3.
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4. Macroscopic quantum tunneling of spin in a mesoscopic system

4.1. Quantum spin tunneling in spin– lattice

Recently, Fujii et al. [80] have reported that the nuclear spin–latticie relaxation
times T1 of 1H in organic radical salts m-MPYNN+·X−·1/3(acetone)(X=ClO4,
BF4) were measured at ultra-low temperatures. They suggested that temperature-in-
dependent magnetic fluctuation is caused by the frustration effect associated with
quantum spin tunneling in the Kagomé antiferromagnet of the S=1 dimer.

Some molecular cluster magnets [81,82] have a ring structure such as the ferric
wheel ([Fe(OMe)2(O2CCH2Cl)]10), which consists of an Fe10 ring bridged by oxygen
atoms and large organic ligands. The Fe10 ring is a paramagnet, and its ground
state is nonmagnetic rather than antiferromagnetic. It was experimentally found
that the magnetization increases in a stepwise manner at very low temperature.

Here, we discuss quantum spin tunneling in the Kagomé lattice and a ring-spin
system in relation to an integer or half-integer spin and the topological term.

4.1.1. Kagomé lattice
von Delft et al. [24] have studied the total tunneling amplitude in tunneling

between different ground-state configurations of the Kagomé lattice quantum
Heisenberg antiferromagnet by using a coherent spin-state path integral. As they
have shown, the total tunneling amplitude becomes zero in the half-integer spin,
because the topological phase factors, the so called Berry or Wess–Zumino phase,
of the corresponding tunneling amplitudes can lead to destructive interference
between different paths.

Spin tunneling in a spin–lattice is discussed in relation to the half-integer spin
and the topological spin phase. As an example, we consider a two-dimensional
quantum Heisenberg nearest-neighbor antiferromagnet on a Kagomé lattice as
shown in Fig. 10(a). The Hamiltonian is written as

H=J %
�a,b�

Sa · Sb (J\0) (35)

Note that using the coherent spin state of Eq. (12), we get the classical spin picture.
Any configuration in which the spins on each triangle minimize their energy by
assuming a coplanar configuration with relative angles of 120° as shown in Fig.
10(b) is a classical ground state configuration [11,73]. There are, therefore, macro-
scopically many degenerate classical ground states.

As the simplest example of a tunneling event on the Kagomé lattice, we consider
the six spins of a hexagon in one maximally coplanar ground state, �i �, rotate
synchronously by 180° around the z axis, to end up at another maximally coplanar
ground state, � f �, while all other spins remain fixed (see Fig. 10(b)). In the
framework of this assumption, the Hamiltonian of Eq. (35) is rewritten as

H=J %
6

a=1

�
Sa · Sa+1+Sa · Z+Sa+1 · Z+

3
2
n

+Jb f(fa6) (36)
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where Jbf(f) indicates a coplanarity barrier, and f(f) is the barrier shape function
obeying f(f)= f(−f). The index j is defined modulo 6, and fa6=1/6�a=1

6 (fj−
fj(0))

In a similar way, using the coherent state, we obtain an effective Lagrangian

L= i6Sf: (1−cos u)+12S2J
�

cos u+
1
2
�2

+Jb sin2 f (37)

The effective Lagrangian involves only a single (collective) spin degree of freedom
with an effective spin of 6S ; Seff=6S.

From the effective potential on the right-hand side of Eq. (37), when cos u is −1/
2, and f is 0 or p, we obtain the ground state. Then, we find that the expectation
value of the potential part in the ground state becomes 0. Therefore, we calculate a
imaginary time transition amplitude from f of 0 to p, when cos u=−1/2.

Fig. 10. (a) Kagomé lattice. (b) Ground state of one hexagon. (c) One-dimensional antiferromagnetic
ring. (d) A cluster of clusters.
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According to the similar procedure for calculation of the imaginary time transi-
tion amplitude, we get the transition amplitude from 0 to p :

�p �e−bH�0�=e−be
0sinh(−2b cos pSeffe− ēde) (38)

where

e0=Jb, ē= −
Jb

2
, de=

Jb

2
(39)

From Eq. (38), the magnetic quantum tunneling rate with the effective potential in
Eq. (37) is given by

P=2Jbe−Jb /2�cos(pSeff)� (40)

From Eq. (40), we find that the tunneling rate vanishes for a half-integer spin
system. When the effective spin of 6S is an integer, tunneling rate becomes
2Jbe−Jb /2.

4.1.2. One-dimensional antiferromagnetic ring
Loss et al. [25] have also suggested that quantum tunneling of magnetization in

one-dimensional antiferromagnet ring vanishes for magnetic particles with a half-in-
teger spin but is finite for an integer spin by a coherent state path integral
calculation.

We consider a one-dimensional antiferromagnetic ring with N spins Sa, (spin
magnitude S) and periodic boundary conditions; all the spins S are coupled to a
central excess spin Z with coupling constant Jc

a= (−1)aJc, as shown in Fig. 10(c).
Thus the central spin will prefer to remain aligned with the Néel vector of the spins
on the ring. The Hamiltonian of the system may be written as

H= %
N

a=1

[JSa · Sa+1+Jc
aSa · Z+H(Sa)] (41)

where N is even, and the last term on the right-hand side of Eq. (41) is the
anisotropy Hamiltonian:

H(Sa)=Kz
a(Sa)z

2+Ky
a(Sa)y

2 (42)

with Kz
a\Ky

a\0.
Using the coherent state of Eq. (12), the expectation value E becomes

E=N(2J+Kz−Ky sin2 f)S2 cos2 u+NJcSZ cos u−NJS2+NKyS2 sin2 f

(43)

where Ky
a=Ky, Kz

a=Kz, and Jc
a=Jc. When we consider a condition which is

Kz�Ky\0, the minimum expectation value Emin, approximately becomes

Emin:−NJS2−
NJc

2Z2

8J+4Kz

+NKyS2 sin2 f (44)

with
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cos umin:−
JcZ

(4J+2Kz)S
(45)

In a similar way, we can also obtain an effective Lagrangian of the ground state
for Eq. (44).

L= iZf: (1−cos umin)+NKyS2 sin2 f−NJS2−
NJc

2Z2

8J+4Kz

(46)

Note that the effective spin on the right-hand side of Eq. (46) becomes the central
excess spin. The magnetic quantum tunneling rate with the effective potential in Eq.
(44) is given by

P=2NKyS2e−NKy S2/2�cos(pZ)� (47)

It is found that when the central excess spin is a half-interger spin, the tunneling
rate vanishes.

4.2. MQT in a cluster of clusters

Here, we consider a cluster, which consists of clusters with anisotropic energy, as
shown in Fig. 10(d) and suppose that the Hamiltonian of each cluster in the cluster
is represented by the simple model of Eq. (23):

Ha= −D(Sa)z
2−B · Sa (48)

where D indicates the anisotropic energy, and B is the external magnetic field. The
total Hamiltonian of the system shown in Fig. 10(d) may be written as

H= %
4

a=1

[JSa · Sa+1+J %Sa · Sz+J %Sa+1 · Sz+Ha+Hz ] (49)

Note that the anisotropic energy D is independent of the interactions between
clusters in the cluster and the external magnetic field.

Using the coherent state of Eq. (12), we obtain the effective Lagrangian of the
ground state for the three cases:

L= i4Sf: (1−cos u)�4(D−2J)S2�cos u�
2J %S−B

2(D−2J)S
�2

9
(2J %S−B)2

D−2J

−4(DS+JS+B)S (D−2JB\0) (50)

L= i4Sf: (1−cos u)− (2J %S−B)S cos u− (3JS+B)S (D−2J=0) (51)

From Eqs. (50) and (51), it is found that when D−2J is positive, the spin
structure becomes axial, and when it is negative, it is helical as shown in Fig. 11(a).
When the spin structure is axial, we can obtain a diagram of the magnetization of
the ground state as shown in Fig. 11(b). In the case of the helical spin structure,
when the system have a coplanarity barrier as the Kagomé lattice, we can expect
the tunneling event between maximally coplanar ground states.
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Fig. 11. (a) Phase diagram of the spin structure. (b) Phase diagram of the magnetization in an axial spin
structure.

5. Concluding remarks

5.1. Theoretical approaches to molecular magnetism

Fig. 12 illustrates the theoretical approach to molecular magnetism employed by
our group. We first perform ab initio molecular orbital calculations on binuclear
transition metal complexes under the spin-unrestricted Hartree–Fock (UHF),
spin-polarized density functional (DFT), and UHF plus DFT hybrid approxima-
tions. The effective exchange integrals (Jeff) between spins in the complexes are
obtained by the total energies as shown in Eq. (6). The effective spin Hamiltonians,
Heisenberg models, for polynuclear transition metal complexes are constructed
assuming effective exchange interactions between nearest neighbor spins with
neglect of multi-center interactions. The effective Lagrangians are derived for
several typical clusters using these Heisenberg model. The spin structures of the
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Fig. 12. Theoretical approaches to molecular magnetism.

complexes are elucidated based on these simplified models. The path integral
formulations of tunneling probabilities are carried out based on the spin coherent
representation, the so-called nonlinear s model. [75].

The approximate natural orbitals (UNO or DNO) and their occupation numbers
are determined by diagonalizing the first-order density matrices of the UHF or
DFT solutions [62]. Active UNO and DNO spaces are constructed considering the
occupation numbers. The CASCI by the use of the active UNO or DNO spaces are
performed to elucidate excited states of the clusters [63] using HONDO-95 [83] and
GAUSSIAN-94 [84] program packages. The path integral Monte Carlo (PIMC)
methods [85–90] is also applied to calculations of the partition function and
magnetization. The quantum dynamics and simulations under external magnetic
field are carried out for magnetic clusters by the PIMC method. The computational
schemes in Fig. 12 would be applicable to magnetic clusters in general.

5.2. Magnetic quantum tunneling

We have investigated the magnetic quantum tunneling of Mn clusters in relation
to the molecular structure and integer or half-integer spins. General expressions of
the imaginary time transition amplitude are derived by using the path integral of
the nonlinear s model [26]. We also present an expression for the magnetic
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quantum tunneling rate for the Mn cluster having the butterfly structure. A similar
procedure can be applied for calculation of the quantum tunneling rate for the
Mn12 cluster. The spin structure and the magnetization of a cluster of clusters which
has an anisotropic energy are also theoretically investigated. In such a cluster, the
interaction between clusters in the cluster is important for constructing the spin
helical or axial structure. The magnetization of two models, which correspond to a
one-dimensional ring magnet and a ring system with an excess spin, are calculated
by the Monte Carlo method. The results suggest that the former obeys the Landé
interval rule, and that the latter does not. The magnetic behavior may be more
interesting from the viewpoint of the molecular magnet. Recently, Sessoli et al.
[91,92] made a comparison of the dynamic magnetic behavior of two octanuclear
clusters of transition metal ions differing only in crystal packing, and the hysteresis
loops for Mn12Ac and reduced half-integer spin analogue. They suggested from
experiments on spin relaxation that the magnetic tunneling rate of half-integer spin
systems vanishes. Our results also predict that the tunneling rate vanishes for a
half-integer spin cluster system in agreement with their experiments [91,92].

5.3. Molecular magnetic de6ices

Recently many theoretical and experimental studies have been carried out for
new models of computation; DNA, quantum and reversible computers. The single
molecule magnet such as the Mn12�Ac complex [14–18] has received much interest
in relation to quantum computing (QC), which utilizes the entanglement and
superposition principle in quantum mechanics for parallel computation [93–98].
Quantum mechanical computing has already been carried out using NMR quantum
computing, since the decoherence effect was not serious in the nuclear spin systems
[99].

We similarly expect quantum computing in terms of various single molecular
magnets by the control of spins with an external magnetic field or with photon
modes will be performed in the future, since EPR can read the out-put information.
However, there are several problems to overcome such as quantum relaxation,
decoherence, etc, before the application of the single molecule magnet in molecular
devices for the quantum computer can be realized. Apparently much experimental
and theoretical effort is necessary to overcome such problems. The quantum
simulations of the magnetic-field induced spin transitions [87] and nonlinear optical
responses [100] are our first step toward such a goal.

5.4. Reacti6ity of manganese–oxygen bonds

In this review we did not touch on the chemical reactions of manganese oxides
with water, which are of great interest in relation to the O2-evolving complex in
photosystem II. The manganese complex [MnIV

2 O2(NHCHCO2)4] studied here
would be a possible model for the active manganese site for the formation of
molecular oxygen from water. According to recent experiments by Limburg et al.
[101] and others, the manganese-oxo bonds may be formed via several reactions of
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the complex as shown in Fig. 13. They concluded that the MN�O site generated
first, abstracts a proton or hydrogen atom from water, and O2 is formed from
successive reactions. As shown previously [52], the manganese–oxygen bonds are
labile, giving rise to cationic, radical and anionic oxygen sites, depending on the
oxidation state of manganese ion, ligands and other factors such as hydrogen bonds
as illustrated in Fig. 13. Therefore electrophilic, radical and nucleophilic reactions
of Mn�O with H2O are theoretically conceivable because of the complex nature of
the dp–pp bond. For example, the Mn�O p bond in high valent Mn complexes
exhibits significant biradical character (  · Mn�O · ¡) [52], which is responsible for
radical abstraction of hydrogen from substrates. Therefore hydrogen abstraction
from water is not surprising at least from our theoretical viewpoint [52]. The

Fig. 13. (A) Generation of manganese-oxo bonds via chemical reactions and (B) three different reaction
modes of the Mn�O bond with water.
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modified hybrid DFT methods [65–67] would be particularly useful for MO
theoretical investigations of these reactions. In fact, several groups have already
initiated such theoretical studies [102,103]. Theoretical studies on possible reaction
paths under several different environmental conditions are also in progress in our
laboratory [104].
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